Graphs, errors, significant figures, dimensions and units From Physclips: Mechanics with animations and film clips.

Schoaol of Physics Volume II: Waves & Sound
Sydney, Australia A multi level, multi-media resource ", Volume III: Light

Graphs (E%), errors(iz %), significant figures(8 X14),
dimensions(£/Z) and units(*.1i7)

UNSW PHYSCLIPS @E Volume 1: Mechanics _

This page supports the Physclips project(iX-1M% U A\ T-#5 BN 5 iEphysclips), especially Chapter 2: Projectiles (Ff5I[ 255 — =  #il¥)
&)

. An example: Displacement-time graphs (7 UL [E
« Units on graphs([€Z€ AN E4T)

« A good plotting program (489242 K2 =)
« Dimensions and units (£ EA157)
« Other units(ELfh #47)

The first module in Physclips uses displacement-time and velocity-time graphs for a man walking in a straight line(7£physclipe 25
— MEMFIBIE— D AITEML—FEL CEIAIRE I [B] TR E I [E] [E158), so we'll begin with this animation(Ffr
B BTN D EhiE A 0).

An example: Displacement-time graphs (& {IFEHT[A][&5E)

How can we keep track of this fellow?(F A 1/E 2 85— EANIX ™ ABIEELEIE ) In other words(E(E15t), how do we show his
position at any time?(G A 1/E 2.0 LI H XD AFEEE R [E#I(IEPE ) The graph above answers this question(L/_FBIE =t
EXDAHBIEZ). The man's distance from some reference position, here the wall(iX ™ A\ BUFSzhLUSEE(E N Z B8 7)), is how far
he is displaced from it(17 % 5t 2 MIREERSEh 7 27D EEE). We call this displacement x(F (I 3 ERLMH1IFx), where X is positive if
he is to the right of the wall({TiX E a0 EGEE 5 RS £/xEX (E{H). Formally, the graph shows his position as a function of
time((X MR LRV T MU E R TFH [R5 ).

The reference for displacement is the wall, x = 0((Uf ISR UEhiEE T HSEX=0). We also need a reference for

time FRAIEREFRE—"HEIZE | It could be the time at which we set a stop-watch ticking(® P L2 FA 1 F_EAIEF(A]). If
the watch starts at zero seconds(U1SEF LA T Z42), any time after that is positive time (t > 0)(M X —X1E /5 E(BIHIE[E] S EREY
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F{EED t>0 ). Of course physics was still happening before we set our watch(:4 AT B A TR B AT X 2 aYEH St 2
2K 4), so anything that happens before t = 0 would be represented on the negative part of the time axis(FTLUE(0] & £ TFt=02Fi]
BIRS Rl s PRI [E) A _EER ).

Units on graphs(/& FBYH#4T)

In science and engineering(fEEH2 A1 T2 %1 ), the fundamental units for length and time are metres (abbreviation m) and seconds
() (K EEFORT (BB Al A 2K (46 B m) A7) (46 E's)). Multiples and submultiples (kilometre, microsecond) are used when
needed((BAUFIZIHFENT ToK W) FHENREHEMEH). There are two common ways of representing units on the axes of
graphs (here m and s)(@ 7 A Wi 5 TS 1< K 24l _EBYPAAT). One is to write x (m) and t (s)(F5—" 25 Hix(m)#t(s)). The
disadvantage with this convention is that it may suggest that x is a function of m X PNETMEHSE xOJBESWIN N EMBIEREL |
and it is awkward when one really does want to plot x as a function of m(%4—" ABBAEIEXF A MBYEELE X E2IEH MNsY).

The method used here is to plot x/m and t/s(Ffi 1% £ A 2|HIZ=~Ex/mAt/s). This has the advantage that(EHI{LE), when X is
divided by a metre or t is divided by a second(*4ZUEXFRILA—A S E HAFRLL—H), the result is a number(E 45 R 22— 4F).
Numbers (not quantities) are what we plot on the axes(ix MU= (EEE) AL EF A TET Al A% the axes really are x/m and
t/s(il_EPISLBYE E2xBRUImANtR L), so it is a good idea to label them in this way(FTLLFHIX N5 TURbR 2 EB 18 E09).

Errors, error bars and significant figures(itzZ REENBENET)

How accurately are the data known?(CXNHVEIEE Z45H ) Displacement (x) vs time (t)
Suppose you make the measurement x = 4.1 m by looking at a

tape measure(fIZ R A E R MIExX=4.1K). As you do so(ff
BEEIRIEFEE), you click the stopwatch(fR3% FF#)2), which
shows 1.32 seconds(F[E]iT5%1.327%). It is difficult to define the
position of a person with greater precision than about 0.2 m
(BMEETE L —"D ABINT B LL0.22KHFEFAE), because of the
relative motion of arms and legs(F8 T+ FEMHRIEXEEE)), so
the error in the measurement is likely to be roughly this, or greater
(FRLUTEME RRYiRZE Bl 2 AR NMUEEE

ol & AT E). We should therefore write x =

4.1 + 0.2 m(ERLLFRATIN AR Bfix = 4.1 £ 0.2 m).

We might be tempted to write t = 1.32 s({REJsEEEE

"M (t=1.32s)), because the watch is capable of measurements with
this precision(K AR AUIEIAE RLEM SLEVEHE). You will
probably find, however, that you are not({E21K 0] LI= & B~ i i 1
EIXFEH). Repeated measurements of the same period (EEE IS
FEIE)FIHT E]) (eg the time it takes a second hand to pass 2 seconds
on a clock(#2117R A Z=RME—F) 25 2] FDHIIN [E])) will not I I 1
usually give the same answer( @8 i it B AEEIHILEER), and the

variation is probably about 0.1 s(Z 1t BJE2E K#10.17)). So the °. 0 1 > n
measurement error here is (very roughly) about 0.1 s(FfT t/s
LX@E{NU%E/\]T}%% *ﬂﬂﬂ%iig‘ %01%@ Linear Fegression y(x) = m*z+ b

[(m [ > [ am [ @ [af [ a

[1.07247|[2 87014][0 0986287 [0.1515 16| [1.76009] [0 623658

Now, if you write t = 1.32 s(Z15R{F5t=1.32s), you are implying
that the '2' means something({R¥E0YE & /E—1A12 28 B X8Y),
that it is significant(X- 25 %{17%%). You are implying a precision that you don't actually have(VR{ER T —"MEH 5B LRINENE
WTEQ). So, to avoid misleading the reader(PTLL N 1352 1% S1225), you should retain only the two significant figures(/R . 241X
{UREE WA T, Consequently(E&IILL), this should be written (as we say) to two significant figuresGX™W iZ A B (115
W GIATRBIASEE ), t = 1.3 s. To make the error explicitCh 7 {E IR Z=52552), we might write(Ff 1] LS ) t =

1.3 £ 0.1 s. (If we had done a detailed study of our timing reproducibility and found its standard error to be(Z1SEF A @t 2k 1F
NE BRI EICRITZE KINTBIREIRZER) 0.15 s, we could write(F 1T LB ) t = 1.32 £ 0.15 s.)

How can we show the point (t,x) = (1.3 £ 0.1's, 4.1 + 0.2 m) on a graph(F /I 1/ E 2 EEHE s (tx) = (1.3 £ 0.1 s, 4.1 + 0.2 m)Z&IEEEE
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_=P)? We do this by drawing a cross(F i 114 1 iX#£—"1), whose vertical axis goes from 3.9 to 4.3 m and whose horizontal axis
goes from 1.2 to 1.4 s(ERYSSHIEUEZEMN . B) . K @EHEUEZEN . BE] . ). This is shown in red on the graph at
right (XN~ E 7 A BB E ).

The above is only a quick sketch(L4_EFU{E HaR & HE1EH). For more details( %) 148771 47), see the notes Errors and
handling them.(F] IASE HAHRE IR AELIE)

A good plotting program(iFH%4 KIF2E)

Your computer probably came with spreadsheet software that draws graphs of the sort that administrative people like(fREVH N PIEEE
BEHFHIERRG TrlLUBERFZI17 24 [4). That software is useful for storing the data and doing some manipulations(iX
LIRS T AT A B ERRUE 2 IEH B F3PY), but the graphs it draws are unsuitable for science or engineering({E.2 & PTEIRY K ZE
RNERTRFMNIEZR).

Michael Johnston, one of our past undergraduate physics students(— " 1g1¥3E AT F4), was frustrated with the inability of such
software to draw scientific graphs and to fit simple functions appropriately (X} T iX A2 5| B 2 KR LU A A TS S E R
FRPEZETIEH -5). So he wrote an application that does this(FTLUNE 7 —"MEFERHTTIXLEES). You'll note that it draws the
error bars that you enter(/RS =+ 25 2 0] LU R A BY IR A2l HH2K). If you ask to fit a simple function to the plot(4[]
RIRFELH— RIS 572), it does a least-squares error-weighted fit(E 8205 i/ — S 2 MAURZHLE): in other
words(#a) 1), it gives more weight to the points with small errors than to those with large errors(E 45 7 /)N 7= s 58 2 BIAL

AR T KIRZE ). Here isMichael's curve-fitting program. (iX £ 3L 72 /RAVERZEI S 12/F), which we use to analyse an
experiment in Projectiles and which we also used to make the graph at right(F Al 1F E 20 iARsLie e EeE  H B R ER4H
G ANER).

Units and dimensions (F7A1EE)

What is wrong with saying iXFEiiE T 2.6

- "My height is 45°C"? Or: (XUEERE HEE 3i8)

- "The game lasted 15 kg"? Or: (XIfsadsst 7 T2 2iE)

- "The displacement is given by the weight divided by the volume squared"?(17f% i€ X A E S & F H1AFH)

In each case(fT&—"M% .72 T), we mention two physical quantities that cannot possibly be equal(F (i 1&H22 7 PN B] BEXT 25094
T E). Let's take the first(F 1521 — FiX1): a height cannot equal a temperature(/5 £ 0] 82X 5T EE), so | cannot
measure my height in degrees Celsius(FTL AR EEMEFRA S BB KE). Let's call my height h(f1%FKH S & 52h). | can say
"h = 1.8 m"F ] LL1ih=1.82K. | can also say that h = V/A"(F 2 7] LLiiih=V/A), where V is my volume and A is my average
horizontal cross sectional area(iX EV/EFAIAI  AZ TV IIIEEE). In both cases(fEiX M- ™ME.T T7), the quantity on the right
hand side is a distance(F\ AU TE S A EEE), as is the quantity on the left hand side(Z5 55 &= /- 1IH9E £).Both can be
measured in metres(ftB{/ 18] LUK E).

We shall see that this very simple idea can be quite important -- and also very useful. G Y =EE X NIEF A BB L2

R IFH ERN—REIFEER)

Now the units on either side of an equation need not be the same(J7F ST\ H HAAT~—TEAE[E)). For instance(f7/%0), | may
write(F I LLE)
1 inch = 25.4 mm. (128} =25.4%K)

This equation is true.(iX ATUEEHERY) (In fact(23E L), it is the definition of the inch(GXMEZTBIE ), a unit of length in the
old British system of units(ix"™EE AR REIHZR S H17).) However(F]2), this equation is different from the silly examples
given above(iX N IR AT HATT A4 L1 75 F209), because both the millimetre and the inch measure length(K A2 KA
ST ER ] LSS KE). We say that both sides of the equation have the dimensions of length(F (i i Z T PN ER S KEMEE).
This condition must be satisfied for an equation to be true, or even to make sense(— ™ EFAHYE = LAY T2 B iX N EE1T).
Further(lt71), if equations have different units with the same dimension(Z1 R % & 5 [F—=2E ~ B8 #41), appropriate
conversion factors must be included(i& 24 BY &40 [K 7 1 24 45712 141), as is the case above(FHER L IFIEZ—FF).

Let's look at more interesting examples(il: 31 1>REE B A #REEAIHT). When we write(4FHM1E)
E=ma,
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we are specifying that the dimensions of force are those of mass times acceleration(F I IR EE 2 EEFLINEE). The
dimensions of acceleration are length, which we write as [L], divided by time [T] squared, (IlEENEEE2EE RMIE/FEL &
LUSE] T B9 73)s0 we write(FTLLEATTEAE), just for the dimensions(fU L2 N T £/E):

[F] = [M][LI[T]-2.

In the units of the Systéme International (7£[EFr-A2 4 4171 ), universally used in science(iX- My AEFE & =1EAIFHE ), there are
no conversion factors for the base units(ZAthHY H17 %8 #5458 1), so we can relate the newton(PTLAF AT 10T LURFAHEE), the unit of
force(7JEVH7), to other base units(Z BB B A #1):

1IN = 1kg.m.s-2.

And to use our equation once more(F5 FI— 20 E 18V /572), we note that(F 14 FL), while mass is a scalar(EE 52— r£), force
and acceleration are both vectors(JF1/I&EE 25 &), so our previous equation tells us not only that(FrLAF A aTERY /5 A2 AU R
T) F = ma, but that E is parallel to a(f1 E #5688 T F*¥{1Fa).

Let's now see how the method of dimensions can be useful, via this(BL/FilL I BT X P REEIEENHFEEZ 26 H)
Example: how does the frequency, of a pendulum depend on the length?(f]F — MHEAS=EREEUE T EKE)

We know that this depends on the length(F (I TAEIX N EUA T £ ), L -- a long one swings more slowly than does a short one(—
DEAVRMEEERN L —EAYEEZEI2). 1t also depends on the strength g of the gravitational field (2 tBEURET & 158 Eg)-- it
won't swing at all without one(% & X NEARA N =1EED). Does it also depend on the mass EAIEURTEZEM | m? On the
temperature(CEE), T? Let's write for the frequency(Ll: T 115 X)), f:

f = N.La.gb.mc.Td

where N, a, b, ¢ and d are numbers(iX £2N,a,b,c F1d2%L="), yet to be determined(£U{HiL /&4 2 7E). Of course(Z454), we can
analyse the dynamics of the pendulum and determine them(E A TEEAE B IS D ATFNEDTT AR HER] HIX LL405), but let's see how far
we get just by considering the dimensions({22 itFANTEENEEREE A0 LIZEZIE). Frequency has units of "per second”
so it has the dimensions of reciprocal time(#i=£6 — A S PR B S I RIEHERIEE), T-1. So, setting the dimensions
equal on both sides, we have(FTLL BT HEMINEE FA1ERT):

T-1 = N.La.(L.T-2)b.Mc.Temperatured

For this equation to be true(Ch 7 11X NZTUAYIT), each dimension must occur, to the same power, on each side(F— N EE 5
TUMIAHIER Z4E(E). So, considering each dimension(FT /75 EE 1551 4E[E), the exponent gives us an equation to be
satisfied(FEELATT 2 75HE). IF we start with time T(ETAMBSEITIT4E), we see that it appears to the —1 power on the left(F (i 15%
A NMEYFE%2-1), and to the —2b power on the right(fE 535 %2-2b), so we have(FTL T A16)

M -1 = -2b

where the arrow means "implies"(7£iX 257k CF& & B548"). For the other dimensions(*f T EMBIEE), we get(FA15)

L] 0 =a+b

[M] 0 =c

[Temperature] 0 =d.

Now the last two shouldn't surprise us(F{T /o i1 0 MW i EF A TE71%). A more massive pendulum experiences a greater
gravitational force but it also requires more force to accelerate(— "EENHHIEEEFEANENEEREMTHEE KB IENIR), so
we should not be surprised that the dimensions of the problem tell us that ¢ = O(FTLAFA T AR %1237 T 2 E S 7 FH (1 1c=0), ie that
these effects cancel out: the frequency does not depend* on the mass of the pendulum (fJ21iX£E38 RAAE B LY SRR EY
RFEPERTTE). Similarly(F AR, we see that d = 0(F I 1& % d=0), but we should not be too surprised that a hot pendulum and
a cold one swing at the same frequency({E 2 N TN iZ AR E 5— DBV E S — /pi AR G FBEFVE L) -- unless of
course the temperature changes the length perceptibly(Z4 A 708 E e AT 4HE K E BRI R).

The other two equations tell us that(5 2415 2 S 1UFEAT) b = 1/2, and that (FFE)a + b = 0, so(F7L) a = —a = —1/2. So(FTLL),
substituting in our original equation for the frequency (i A TR RBUHIER H712),
f = NL-1/2.91/2 = N(g/L)1/2.

We still don't know the value of the number N(E A TiA 2~ 41:ENBFYAE), and cannot get it from the information we have been given
here(F B REEME BALAHNE R TKIZ). (Itis 1/(2*x), in case you were wondering(UISEARIF 2789 T o] LIS TRIRE 21/(2*
m)).) However(E]2), we do know that(F (I TEE3LA11E), all else equal(EL{tERZAEZHY), the frequency is proportional to the
reciprocal of the square root of the length(#15< 2 [F tb T EF 5 1RBUE%LY). To halve the frequency of pendulum(ZHE 5

K
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BRI —4), make it four times as long(FIEME  PUfZ).

* | raise a couple of tiny caveats(iX 275 J 15 INi5BR), to preempt the pedants(FH3R W E—LEZ27T). For a pendulum whose mass is comparable with
the that of the planet upon which it is mounted(%f F—"PEE 0] I T EPAEAY TE2RESRFMHEKIL), the pendulum mass does appear(¥H1#2HYE
EMEHITESTEE) -- or at least the ratio of these two masses appears(2(& 2D W R 28T LAl 2= H BE). Further(It4}), we have cheated a little
on the temperature(F (I 1758 E S EHIFE 524 IE ), because we could write temperature in units of energy(F T A T0] LU EE X MAAES).
Doing so(iXFE(HHY1%), the conversion factor would be Boltzmann's constant(¥% 40X 7RE @3/ % & & £1), whose very small size would give us the
clue that temperature is only relevant in mechanics for objects of molecular size (X M FEE /N EEERANETE (UL YEEL D F
RPRBHME R E 2 (4| EEFEE(E ). And on this molecular scale we should often need to use quantum mechanics rather than Newtonian
mechanics(F D T2 T HMEEREEET HFEMAEFWIZ).

Other units(EAEA(T)

With rare exceptions(H 7 £ N BI1E T ), scientists use the SI_system of units(FBHF SREAEFSIHTASE). (S| stands for Systéme
International d'Unités(SI1{ 2 & EFrbn £ 5417).) This system is based on the kilogram for mass(iX MR EET T 52 g ),

the metre for lengthCK  £Z ), the second for time(*) 1 [H] ), the ampere for electric current(Z235 Hi/ ), the kelvin for
temperature(JT/R 3 2E ), the mole for chemical quantities(Z2/K 1t #%{2 ) and the candela for luminous

intensity(ZE4; PEBHSEE ). Other systems are the British imperial system and natural units(EftiBV RS E REES A AT S
FREA).

Physclips is a scientific presentation(Physclips,@ — 5 7147), and we use only the SI(FATTUALEE A SIEFRHAT). 1f you encounter
problems stated in other units(205R (R BRI EL A T BB 2] 7 [R]#), the simplest procedure is often to translate the problem
into SIS 2 B (] BABY 77 7 i 2 HEX N W) 2 B [ B BA17), solve it(fi#2E), then translate the back(FA /5 FEHE #1725 [5]5€). This
sounds like extra work (X I EE /% 2 #1748 T1E), but it is usually much less than the extra work required in using the imperial
system of units({E/ 21X ¥ 2 M 4k 558 A5 el Fr 7 22 50 8V SL T1F), which has internal conversion factors(Z2| i1 25
PIERFEHRF).

In the United States of America(TFZ£[E), Liberia(F!|Ft i) and Myanmar(#14fi4]), the British imperial system is the official

system (AL RE T %), This system used to be much more widespread((X N2 Geidt EEHEN 29 F), and vestiges of it
remain in other countries that are in the process of 'going metric'(E7EARLE( AL N FLIERFR B FE), ie converting to the
SICAHMEAIENEE m)[E bR FAAT).

Dealing with or converting from the imperial system usually involves just a multiplictaive factor(Zb ¥ 2ol & e sl At E H T 2
FIUALE—"DFRELUEF). For instance(f]4), the inch(Z2~T), an imperial unit of length(— N Ze | K E Fi17), is officially defined to
be equal to 25.4 mm(E /5 7E X 225.42 ). These multiplications can become awkward in some cases(iX LE3E £ [K+1F R LL iz 2
K224 FRGIAY): consider this imperial unit of thermal conductivity((%78— T ¥ 5 5LA 2t #1417), one British Thermal Unit per
second per square foot per degree Farenheit per inch(—2ef VS EF e REEKESET). One can see why it
exists(E B FEHIER), but it is ugly and inconvenient({22 ERIIEETH2 15 1F). (For comparison, the SI unit thermal
conductivity is W.m-1K-1(A8LMT EFspAHE FEREW.m-1.K-1))

Some confusion arises, however, because of the different colloquial use of units of mass and force in the SI and imperial system(=]
B —YREERMT EAXNTFRERAA S RACNEIRY S BITE X). In the imperial system(TE 22552487, the unit of force is
the pound-force(/18YHA2F% 17), or sometimes(2i& A LEHf{&), as in many American physics text books(st {58 L= E R4
#9), as just the pound(f{%2F%). The unit of mass in the imperial system is the slug(fT EFIZeF| AL E2HT Hr#hts ), which is a
mass that is accelerated by one pound at one foot per second per second(iX" ™R E A T E R —RE SR — R REF 5 1).
The slug is 14.5939 kg.(57,:214.5939F 52) These equations(iX£E757%2), which are definitions(E( 127 X), allow us to compare the
units of mass and force(VE VI 125 LA T E A IR B

SI(FEIPRHAT)

Unit of force(JJRYH(17) = 1 newton = 1 kg.m.s—2
Imperial (FHl] B(17)

Unit of force(/J89*4i7) = 1 pound = 1 slug.foot.second—2

In imperial units, the gravitational acceleration is 32 feet.second—2(F 2l 1B EINREE32 R E T HM).
Consequently(&l1tt), a slug weighs 32 pounds(—HT/:232F%).
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The slug is very rarely used(ET1E#2(EH). Pound is used colloquially as a unit of quantity -- a pound of apples colloquially means a
quantity of apples that weighs a pound-force (at the earth's surface)(Fe— & HEME B l—IEERBEH XS —TE2aNEE
EHE—FE) FHIEREFE ). There is another imperial unit of force(iX 204G B — 1= #i(17), the poundal (F%3X). This
is defined as the force required to accelerate at one foot.second—2 a mass whose weight is one pound(Z #%7E XAl —FEER S
WhAES|—2REF 5 7). So a pound is 32 poundals(FTLL—FEE32F55K).

The units mentioned above are related to features of the earth (L/_F32%5/|H A2 A0 ER Y RHIEAEZS & 89)(its circumference
originally determined the metre, and the second is related to the day(MiERBYAEARA L RTE 7K M EHFKEK)) or of artifacts
on earth(2& HIER_E89 A NTE X), such as the standard kilogram(f7/21F5/£877F2K), or of particular substances(2l& "5 £ V¥ ),
especially water(5F5/:27K). The laws of physics and combinations of them yield natural units(SH4/J3EERFNE A 145 Sl mt £
T BSAHAT), which are used by some theoretical physicists(iX NI = — IR YIRS 55 ), especially cosmologists(r5/ 2
FEHS5R). The speed of light, for instance, is taken as the unit for speed({71|21¢ R =48 FE AR £ #{17). Although this makes
equations look simple these units are, in general, inconvenient for measurement( B A FES LA S A (B2 O S1ENE S
R F518). For instance(f5l|40), the natural units of length and time are inconveniently small( = A ATV K EEAIN EIZEH /)N A51F)
(The Planck length is 1.6 x 10-35 metres(&£ &7 72 K= 21.6 x 10-35 >K), the Planck time is 5.4 x 10-44 seconds(:Z A

ol [E]25.4 x 10-44 7). See The Planck scale for more detail(i¥: W ZEA 71 ).
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